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Abstract
In this paper we consider the gauge theory living on the world-volume of a stack
of N D3-branes of Type 0B/Ω′I6(−1)FL and of its orbifolds C2/Z2 and C3/(Z2×Z2).
The gauge theories obtained in the three cases are a brane realization of “orientifold
field theories” having the bosonic sector common with N = 4, 2, 1 super Yang-Mills
respectively. In these non-supersymmetric theories, we investigate the possibility of
keeping the gauge/gravity correspondence that has revealed itself so successful in
the case of supersymmetric theories. In the open string framework we compute the
coefficient of the gauge kinetic term showing that the perturbative behaviour of the
orientifold field theory can be obtained from the closed string channel in the large N
limit, where the theory exhibits Bose-Fermi degeneracy.
Work partially supported by the European Commission RTN Programme HPRN-CT-2000-00131
and by MIUR.
Contents
1 Introduction 1
2 Type 0B String Theory 3
3 Orientifold Ω′I6(−1)FL of Type 0B 7
3.1 Open and closed string spectrum . . . . . . . . . . . . . . . . . . . . . . . . 8
3.2 One-loop vacuum amplitude . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
3.3 One-loop vacuum amplitude with an external field . . . . . . . . . . . . . . 12
4 Orbifolds of previous orientifolds 14
4.1 Orbifold C2/Z2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
4.2 Orbifold C3/(Z2 × Z2) - A simple string realization of the Armoni, Shifman and Veneziano model 18
A Some useful properties of Θ functions 20
1 Introduction
In the last years it has been shown in several cases that the pertubative properties such as
the chiral and scale anomalies [1] [2] [3] of less supersymmetric and non-conformal theories
living on D-branes can be obtained from their correponding supergravity solutions 1. This
came as a surprise because the supergravity “dual” solution was supposed to give a correct
description of the gauge theory for large values of the ’t Hooft gauge coupling constant [10].
The explanation of this fact was given in Ref. [11] where it was shown, in the case of the
two orbifolds C2/Z2 and C
3/(Z2 × Z2), that the contribution of the massless open string
states to the coefficient of the gauge kinetic term obtained from the annulus diagram is
exactly equal, under open/closed string duality, to the contribution of the massless closed
string states. Actually it can also be shown that the contribution of the massive states is
identically zero giving no threshold corrections 2.
The previous results have been shown to be valid in the case of theories that, al-
though non-conformal, preserve some supersymmetry. Can they be extended to non-
supersymmetric theories? Obvious candidates for non-supersymmetric theories are the
Type 0 ones that have been studied by constructing their supergravity duals in Refs. [12],
[13] and [14]. The problem is, however, that they have a tachyon in the closed string sector.
Tachyon free orientifolds of these theories, called 0′ theories, were introduced in Ref. [15]
and their properties were extensively studied from different points of view in Refs. [16] [17]
[18]. On the other hand it is clear that the most promising theories to study with these
methods are the ones that are as close as possible to supersymmetric theories. Recently
non-supersymmetric theories have been studied that in the large number of colours are
1For general reviews on various approaches see Refs. [4] ÷ [8]. See also Ref. [9]
2We thank Jose’ F. Morales for pointing this out to us.
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equivalent to supersymmetric theories 3. In Refs. [15], [17] and [21], non-supersymmetric
gauge theories that are conformal in the planar limit have been analyzed. In particular
a large N conformal non-supersymmetric gauge theory may be obtained as the world-
volume theory of N D3-branes of the orientifold Ω′I6(−1)FL of 0B theory, where Ω′ is the
world-sheet parity, I6 the inversion of the coordinates orthogonal to the world-volume of
the D3-branes and FL is the space-time fermion number operator in the left sector. The
gauge theory so constructed is an example of “orientifold field theory” which in the large
N limit is equivalent to N = 4 super Yang-Mills.
More recently some attention has been paid to the orientifold field theories that contain
a gluon and a fermion transforming according to the two-index symmetric or antisymmetric
representation of the gauge group SU(N) [22] and that in the large N limit are equivalent
to N = 1 SYM.
In this paper we review the brane construction of the N = 4 orientifold field theory,
which is planar equivalent (i.e. equivalent in the limit N →∞ with λ = g2YMN fixed) to
N = 4 super Yang-Mills. By means of the orbifold projections C2/Z2 and C3/(Z2 × Z2),
we give a complete string description of the orientifold field theory whose spectrum has,
in the large N limit, the same number of degrees of freedom as N = 2, 1 super Yang-
Mills. The latter theory has been shown to be planar equivalent, both at perturbative and
not-perturbative level, to N = 1 SYM [19].
In the open string framework we compute the running coupling constant and show that
in the large N limit, where the Bose-Fermi degeneracy of the gauge theory is recovered, we
can obtain the perturbative behaviour of the orientifold field theories also from the closed
string channel. We see, however, that the next to leading term in the large N expansion
of the β-function cannot be obtained from the closed string channel. This means that
gauge/gravity correspondence holds only in the planar limit as far as the running coupling
constant is concerned. When we then consider the θ-angle we see that both the leading
and the next to leading terms can be equivalently determined from the open and the closed
string channel. This follows from the fact that in the string framework the θ-angle does
not admit threshold corrections and thus it is invariant under open/closed string duality.
The paper is organized as follows. In Sect. (2) we summarize the main proper-
ties of Type 0 theories. Sect. (3) is devoted to the construction of the orientifold
0B/(Ω′I6(−1)FL). In the first subsection we construct its open and closed string spec-
trum, in the second one we compute the one-loop open string diagrams and finally in the
third one we introduce an external field and we compute the running coupling constant in
both the open and closed string channels finding agreement between them only for large
values of N , being U(N) the gauge group. In Sect. (4) we consider the orbifolds C2/Z2
and C3/(Z2×Z2) of the previous orientifold obtaining non-supersymmetric gauge theories
that in the large N limit reduce respectively to N = 2 and N = 1 SYM. Finally in the
Appendix we perform some calculations useful in Sect. (3).
3See the recent review by Armoni, Shifman and Veneziano [19] and References therein. In Ref. [20] 1/N
corrections are analysed.
2
2 Type 0B String Theory
In this section we summarize the properties of Type 0 string theories. In particular we
will discuss their spectrum and D branes and compute the annulus diagram describing the
interaction between D branes.
Type 0 string theories are non supersymmetric string models obtained by applying
on the Neveu-Scharz-Ramond model for closed strings the following non-chiral diagonal
projections:
PNS−NS =
1 + (−1)F+F˜+G+G˜
2
PR−R =
1± (−1)F+F˜+G+G˜
2
(1)
where the upper [lower] sign corresponds to 0B [0A]. F is the world-sheet fermion number
defined as
F =
∞∑
t=1/2
ψ−t·ψt − 1 (2)
in the NS-NS sector and
(−1)F = ψ11(−1)FR , ψ11 ≡ 25ψ00ψ10 . . . ψ90 , FR =
∞∑
n=1
ψ−n·ψn (3)
in the R-R sector, with analogous definitions for F˜ and (−1)F˜ . G is the superghost number
operator defined as follows:
G = −
∞∑
m=1/2
(γ−mβm + β−mγm) NS sector (4)
G = −γ0β0 −
∞∑
m=1
(γ−mβm + β−mγm) R sector (5)
In addition it is imposed that the fermionic NS-R and R-NS sectors are eliminated from
the physical spectrum, obtaining purely bosonic string models. Their spectrum can be
determined by keeping only the string states that are left invariant by the action of the
operators given in Eq. (1), i.e.:
Type 0A (NS− , NS−)⊗ (NS+ , NS+)⊗ (R− , R+)⊗ (R+ , R−) (6)
Type 0B (NS− , NS−)⊗ (NS+ , NS+)⊗ (R− , R−)⊗ (R+ , R+) (7)
where the signs in the various sectors refer to the values respectively taken by (−1)F and
(−1)F¯ . In the (NS − , NS −) sector the lowest state is a tachyon, while the massless states
live in the (NS + , NS +) sector. In the picture (−1,−1) they are described by:
ψµ
− 1
2
ψ˜ν
− 1
2
|0, 0˜, k〉(−1,−1) (8)
and are the same as in Type II theories, namely a graviton, a dilaton and a Kalb-Ramond
field. In the R-R sector, instead, we have the following massless states in the picture
(−12 ,−12 ):
uA(k)u˜B(k)|A〉− 1
2
|B˜〉− 1
2
. (9)
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Since the terms containing G and G˜ in the second equation in (1) act as the identity, the
projector PR−R imposes the existence of two kinds of R-R (p+1)-potentials for any value
of p (Cp+1 and C¯p+1) characterized respectively by:
uA
(
1 + Γ11
2
)A
B
= 0 ; u˜A
(
1± Γ11
2
)A
B
= 0 (10)
and by
uA
(
1− Γ11
2
)A
B
= 0 ; u˜A
(
1∓ Γ11
2
)A
B
= 0 (11)
where the upper [lower] sign corresponds to 0B [0A]. The doubling of the R-R potentials
implies the existence of two kinds of branes that are charged with respect to both the
potentials. We follow the convention of denoting by p and p′ respectively branes having
equal or opposite charges with respect to the two (p + 1) R-R potentials. The p and p′-
branes are called respectively electric and magnetic branes [12]. In the case of a D3-brane
the two potentials C4 and C˜4 have field strenghts F5 and F˜5 that are respectively self-dual,
F5 =
∗F5, and antiself-dual, F˜5 = −∗F˜5, as follows from Eqs. (10) and (11). This means
that, if we take the linear combinations:
(C4)
± =
1√
2
(C4 ± C¯4) (12)
one can see that the Hodge duality transforms each field strength into the other according
to the relation ∗F±5 = F
∓
5 . Therefore, while the D3-brane of Type IIB is naturally dyonic,
in Type 0B the dyonic D3-brane is constructed as a superposition of an equal number of
electric and magnetic D3-branes.
The existence of two different kinds of branes in Type 0 theories (the p-brane and the
p′-brane) implies the one of four distinct kinds of open strings: those stretching between
two p or two p′-branes (denoted by pp and p′p′) and those of mixed type (pp′ and p′p).
This means that the most general Chan-Paton factor λ in the expression of the open string
states has the following form:
λ ≡
(
pp pp′
p′p p′p′
)
. (13)
Open/closed string duality makes the following spin structure correspondence to hold [12]:
Interactions Closed states Open states
pp p′p′ NS−NS NS
pp p′p′ R − R NS(−1)F
pp′ p′p NS−NS(−1)F R
pp′ p′p R− R(−1)F R(−1)F
(14)
From this scheme, it is easy to see that the spectrum of pp and p′p′ strings contains only
the NS and NS(−1)F sectors [12] [16] whose massless excitations are the bosons of the
4
gauge theory. In the case of D3-branes one has:
Aα ≡
(
pp 0
0 p′p′
)
⊗ ψα−1/2|0〉−1 α = 0, . . . , 3 (15)
φi ≡
(
pp 0
0 p′p′
)
⊗ ψi−1/2|0〉−1 i = 4, . . . , 9 (16)
Aα corresponds to the gauge vector of the gauge theory, while the φi’s represent six adjoint
scalars. On the other hand pp′ strings have only the R spectrum [12] [16] which provides
fermions to the gauge theory supported by the branes. The lowest excitation of these
strings are:
ψA ≡
(
0 pp′
p′p 0
)
⊗ |A〉− 1
2
. (17)
being |A〉− 1
2
a Majorana-Weyl spinor of the ten-dimensional Lorentz group. The interac-
tion between two branes of the same kind is [12]:
Zopp = 2
∫
dτ
2τ
TrNS
[
e−2piτL0(−1)Gbc
(
(−1)G + (−1)F
2
)]
= Vp+1(8π
2α′)−
p+1
2
∫
dτ
τ
p+3
2
e−
y2τ
2πα′
1
2
[(
f3(k)
f1(k)
)8
−
(
f4(k)
f1(k)
)8]
(18)
where o stands for open, y is the distance between the branes and Gbc is the ghost number
operator. The interaction between a p and a p′-brane is obtained by computing the trace
in the R-sector [12]:
Zopp′ = 2
∫
dτ
2τ
TrR
[
e−2piτL0(−1)Gbc
(
(−1)G + (−1)F
2
)]
= −Vp+1(8π2α′)−
p+1
2
∫
dτ
τ
p+3
2
e−
y2τ
2πα′
1
2
(
f2(k)
f1(k)
)8
(19)
The explicit expressions for the functions fi(k) can be found in App. A of Ref. [11]. Eqs.
(18) and (19) can be written in a more compact form by introducing, in the trace of the
free energy, the following projector:
P(−1)Fs =
1 + (−1)Fs
2
(20)
that, as we have mentioned above, eliminates all fermionic states from the spectrum since
Fs is the space-time fermion number operator. The introduction of this operator is quite
natural if one regards Type 0 string theory as the orbifold Type IIB/(−1)Fs [23]. From
this point of view, the spectrum of the physical closed string states, written in Eqs. (6)
and (7), is made of the untwisted and twisted sectors of this orbifold. Of course the
untwisted spectrum coincides with the bosonic states of Type II theories. The twisted
sector can be more easily determined using the Green-Schwarz formalism, rather than the
NS-R one, due to the simple action of (−1)Fs on the space-time fermion coordinates SAa.
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Here A = 1, 2 and a labels the two spinor representations of the light-cone Lorentz group
SO(8), namely it is either an 8s or 8c index. In the twisted sector the boundary conditions
on these coordinates are antiperiodic rather than periodic. Hence, the Fourier expansion
for them contains half-integer fermion modes. The lowest level corresponds to a tachyon
while the first one, corresponding to the massless states, is given by:
Sa
− 1
2
S˜b
− 1
2
|0〉| ⊗ |0˜〉 in Type 0B (21)
Sa
− 1
2
S˜ b˙
− 1
2
|0〉 ⊗ |0˜〉 in Type 0A. (22)
These states provide the doubling of the R-R forms previously discussed.
The spectrum of open strings can be easily obtained in the NS-R superstring formalism.
Since a stack of N dyonic D-branes of Type 0 contains N p-branes and N p′-branes, the
massless open string states living on their world-volume are the subset of the massless
open string states living on the world-volume of 2N Dp-branes of Type II theories, that
are invariant under the action of the operator (−1)Fs . However, in order to recover the
results given in Eqs. (15), (16) and (17), we have to define a non trivial action of the
space-time fermion number operator on the Chan-Paton factors, i.e. [23] [24]:
(−1)Fsλij ≡
(
γ(−1)Fs
)
ih
λhk
(
γ−1
(−1)Fs
)
kj
(23)
where
γ(−1)Fs =
(
IN×N 0
0 −IM×M
)
(24)
and N , M denote the number of p and p′-branes respectively. The requirement of invari-
ance for the physical states imposes the following constraints on the Chan-Paton factors:
λ(NS) = γ(−1)Fsλ
(NS)γ−1
(−1)Fs
λ(R) = −γ(−1)Fsλ(R)γ−1(−1)Fs (25)
where the minus sign is due to the action of Fs on the space-time fermion |A〉. It is easy
to see that the previous equations are satisfied by the matrices given in Eqs. (15), (16)
and (17). The free-energy is now written as:
Zo = 2
∫
dτ
2τ
TrNS−R
[
e−2piτL0PGSO
(
1 + (−1)Fs
2
)]
=
1
2
Tr [ I ]2 Vp+1(8π
2α′)−
p+1
2
∫
dτ
τ
p+3
2
e−
y2τ
2πα′
1
2
[(
f3(k)
f1(k)
)8
−
(
f4(k)
f1(k)
)8
−
(
f2(k)
f1(k)
)8]
+
1
2
Tr
[
γ(−1)Fs
]2
Vp+1(8π
2α′)−
p+1
2
∫
dτ
τ
p+3
2
e−
y2τ
2πα′
1
2
[(
f3(k)
f1(k)
)8
−
(
f4(k)
f1(k)
)8
+
(
f2(k)
f1(k)
)8]
≡ Zopp + 2Zopp′ + Zop′p′ (26)
Since the traces of the Chan-Paton factors are given by
Tr [ I ]2 = (N +M)2 Tr
[
γ(−1)Fs
]2
= (N −M)2, (27)
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we can rewrite the previous equation as follows:
Zo = Vp+1(8π
2α′)−
p+1
2
∫
dτ
τ
p+3
2
e−
y2τ
2πα′
×
{
N2 +M2
2
[(
f3(k)
f1(k)
)8
−
(
f4(k)
f1(k)
)8]
−MN
(
f2(k)
f1(k)
)8}
. (28)
We see that Eqs. (18) and (19) are obtained by putting respectively M = 0, N = 1 and
N =M = 1 in Eq. (28), while by taking N =M we get the interaction among composite
objects made of an equal number of Dp and Dp′-branes.
To conclude, let us observe that the world-volume of a dyonic D3-brane configuration
(corresponding to the case N =M) supports a U(N)×U(N) gauge theory with six adjoint
scalars for each gauge factor and four Weyl fermions in the bi-fundamental representation
of the gauge group (N , N¯) and (N¯ , N). The number of bosonic degrees of freedom of the
open strings attached on the N dyonic branes is 8N2×2, and coincides with the number
of the fermionic ones. Therefore, the gauge theory supported by these bound states, even
if non-supersymmetric, exhibits a Bose-Fermi degeneracy. From this point of view, the
interaction between two dyonic branes vanishes because of a perfect cancellation between
the contribution of bosonic and fermionic degrees of freedom, ensuring the stability of
the configuration. The Bose-Fermi degeneracy turns out to be an essential ingredient for
making the gauge/gravity correspondence to hold. We will come back on this point later.
3 Orientifold Ω′I6(−1)FL of Type 0B
In this section we study Type 0 string theory on the orientifold Ω′I6(−1)FL , where Ω′
is the world-sheet parity operator, I6 is the inversion on the six space-time coordinates
labelled by i = 4, . . . , 9, i.e:
I6 : (x
4, . . . , x9)→ (−x4, . . . ,−x9) (29)
and FL is the space-time fermion number operator in the left sector.
The orientifold fixed plane is, by definition, the set of points left invariant by the
combined action of Ω′ and I6. In our case such a plane is located at x
4 = · · · = x9 = 0.
The action of the world-sheet parity operator Ω′ in the open string sector is:
Ω′αmΩ
′−1 = ±eipimαm Ω′ψrΩ′−1 = ±eipirψr (30)
for integer and half-integer r and the signs ± refer respectively to NN and DD boundary
conditions. The Ω′ action on the ghost and superghost oscillators is instead given by:
Ω′bnΩ
′−1 = eipinbn Ω
′βrΩ
′−1 = eipirβr (31)
and by analogous expressions for the c-ghost and the γ-superghost. Finally, its action on
the NS and R vacua is
Ω′|0〉−1 = −i|0〉−1 (32)
7
Ω′|A〉− 1
2
= −|A〉− 1
2
Ω′|A〉− 1
2
= −Γp+1 . . .Γ9|A〉− 1
2
(33)
where the first equation in (33) must be used in the case of NN boundary conditions, while
the second is valid for DD boundary conditions along the directions {p+ 1, . . . , 9}.
The action of Ω′ in the closed string sector is4 :
Ω′αµnΩ
′−1 = α˜µn Ω
′α˜µnΩ
′−1 = αµn Ω
′ψµrΩ
′−1 = ψ˜µr Ω
′ψ˜µrΩ
′−1 = ψµr
Ω′bnΩ
′−1 = b˜n Ω
′cnΩ
′−1 = c˜n Ω
′βrΩ
′−1 = β˜r Ω
′γrΩ
′−1 = γ˜r (34)
and
Ω′
(|0〉−1 ⊗ |0˜〉−1) = −|0〉−1 ⊗ |0˜〉−1 (35)
Ω′
(
|A〉− 1
2
⊗ |B˜〉 1
2
)
=
(
Γ11
)B
D
|D〉− 1
2
⊗ |A˜〉− 1
2
. (36)
Finally, let us notice that the reason why the orientifold projector contains the term
(−1)FL with the space-time fermion number operator of the left sector is that, in general,
the operator Ω′I2n squares to unity only for n even. In fact I
2
2n represents a 2π rotation
in n planes and, for n odd, is equal to (−1)Fs = (−1)FL+FR . Therefore:[
Ω′I2n(−1)FL
]2
= I22n(−1)FL+FR = I n = 1, 3 (37)
where we have used the fact that Ω′(−1)FLΩ′−1 = (−1)FR and Ω′2 = 1. The introduction
of (−1)FL is also consistent with the general property that making the orientifold projec-
tion Ω′In is equivalent to performing n T dualities on the unoriented theory. T-duality
transforms Ω′ into Ω′In(−1)FL where the last operator is again present only if one rotates
fermions in an odd number of planes (i.e for I2 and I6).
3.1 Open and closed string spectrum
Let us determine the spectrum of the massless open string states attached to N D3-branes
at the orientifold plane. The generic massless open string state in Type 0 is given by:
Aα ≡ λAψα−1/2|0, k〉 , φi ≡ λφψi−1/2|0, k〉 , ψ ≡ λψ|s0 . . . s4〉 (38)
being λ a 2N×2N matrix, α = 0, . . . , 3 and i = 4, . . . , 9. By imposing the invariance
under the space-time fermion number operator given in Eqs. (20) and (24), we obtain for
the bosonic Chan-Paton factors the diagonal structure given in Eqs. (15) and (16) and for
the fermionic ones the off-diagonal structure in Eq. (17). On these states we have then to
impose the orientifold projection and select only those states that are invariant under the
action of Ω′I6. In the NS-sector we have:
Ω′I6 ψ
α
−1/2|0, k〉 → −ψα−1/2|0, k〉 , Ω′I6 ψi−1/2|0, k〉 → −ψi−1/2|0, k〉 (39)
4In Refs. [25], [26] and [27] a different definition of the world-sheet parity operator is used where the
action of Ω′ on the R-R vacuum is not as in Eq. (36).
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and therefore the invariant states satisfy the constraint:
γΩ′I6λ
T
A,φγ
−1
Ω′I6
= −λA,φ. (40)
In the R-sector, instead, we have to determine how the reflection operator acts on the
spinor state. By observing that a reflection in a plane corresponds to a rotation of an
angle π in the plane, we can write:
I6 ≡ e±ipi(S45+S67+S89), (41)
being Sij the zero modes of the Lorentz group generators, i.e:
Sij = − i
2
[ψi0, ψ
j
0] ,
√
2ψi0 ≡ Γi. (42)
By introducing the operators
N0 = −Γ
0Γ1
2
, Ni = −iΓ
2iΓ2i+1
2
with i = 1, . . . , 4 (43)
it is straightforward to verify that N2 ≡ S45, N3 ≡ S67 and N4 ≡ S89 . In conclusion we
get:
I6|s0 . . . s4〉 = e±ipi(s2+s3+s4)|s0 . . . s4〉 =
3∏
i=1
(±2iNi)|s0 . . . s4〉 = ±Γ4 . . .Γ9|s0 . . . s4〉 (44)
where we have taken into account that the state |s0 . . . s4〉 is an eigenstate of the operator
Ni with eigenvalue si = ±1/2. By choosing in Eq. (44) the minus sign we obtain the
result given in Ref. [28], while by choosing the plus sign we find agreement with Ref. [29].
We follow the latter convention and therefore in the R-sector we write:
Ω′I6|s0 . . . s4〉 = |s0 . . . s4〉 =⇒ γΩ′I6λTψγ−1Ω′I6 = λψ (45)
In the previous equation we should also take into account the action of the operator (−1)FL .
This is irrelevant or gives an extra minus sign in the R-sector depending whether the open
string is considered respectively the right or left sector of the closed string. However, it
is simple to check that this sign ambiguity is completely irrelevant in determining the
spectrum of the massless states.
In the last part of this section we determine the orientifold action on the Chan-Paton
factors. First we observe that the Chan-Paton factors have to be 2N×2N matrices in
order to take into account their images under Ω′I6. Furthermore, following Ref. [29], they
have to satisfy the constraint γΩ′I6 = ±γTΩ′I6 that implies
γΩ′I6 =
(
0 IN×N
±IN×N 0
)
. (46)
Substituting Eq. (46) in Eqs. (40) and (45), one gets for the bosonic and fermionic
Chan-Paton factors:
λA,φ =
(
A 0
0 −AT
)
λψ =
(
0 B
±B∗ 0
)
(47)
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where in the last expression we have implemented the hermiticity of the Chan-Paton factor
and the matrix B can be chosen to be either symmetric or antisymmetric depending on
how the sign in Eq. (46) is chosen. The number of bosonic degrees of freedom is 8N2 which
corresponds to one gauge boson and six real scalars transforming according to the adjoint
representation of SU(N). In the fermionic sector one has 8N2 ± 8N corresponding to
four Dirac fermions in the two-index symmetric (+) or antisymmetric (−) representation.
Notice that the spectrum does not satisfy the Bose-Fermi degeneracy condition that holds
in Type 0 theory. In this case such a degeneracy is present only in the large N limit.
Moreover the spectrum of this theory has the same bosonic content as N = 4 SYM.
This is an example of planar equivalence [19] between a supersymmetric model, the N = 4
SYM, which plays the role of the parent theory and a non-supersymmetric one, that is the
orientifold Ω′I6(−1)FL of Type 0B, which is the daughter theory, the two being equivalent
in the large N limit. In section 3.3, using string techniques, we will explicitly see that in
this limit the two theories have the same β-function.
Let us consider the closed string spectrum. Since Ω′ leaves invariant the metric and the
dilaton, while changes sign to the Kalb-Ramond field it is easy to see that in the NS-NS
sector the orientifold projection selects the following states
φ, gαβ , gij , Biα with α, β = 0, . . . , 3 i, j = 4, . . . , 9 (48)
where φ, g and B are respectively the dilaton, graviton and Kalb-Ramond fields. In the
R-R sector the states which are even under the orientifold projection are
(R+,R+) → C0, Cαi, C0123, Cαβij , Cijhk, (49)
(R−,R−) → C¯αβ , C¯ij, C¯αβγi, C¯αijk, (50)
The previous results follow from the fact that, because of Eq. (36), in the sector (R+,R+)
where Γ11 = 1, Ω
′ leaves C2 invariant and changes the sign of C0 and C4. In the sector
(R−,R−) one has instead Γ11 = −1 and therefore Ω′ leaves C¯0 and C¯4 invariant and
changes the sign of C¯2. Notice that the R-R 5-form field strength surviving the orientifold
projection is the self-dual one (dC4 =
∗dC4), while the anti-self dual one (dC¯4 = − ∗dC¯4)
is projected out. The twisted sector is simply made of open strings with NN bound-
ary conditions in the directions {0, . . . , 3} and DD boundary conditions in the directions
{4, . . . , 9}.
3.2 One-loop vacuum amplitude
In this section we compute the interaction between two stacks of N D3-branes in the
orientifold Ω′I6, the action of the operator (−1)FL being irrelevant in the open string
calculation, as previously discussed.
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The one-loop open string gets two contributions, the annulus Ze and the Moebius strip
ZΩ′I6 :
Zo ≡ Zoe + ZoΩ′I6
=
∫ ∞
0
dτ
τ
TrNS−R
[
e+Ω′I6
2
1 + (−1)Fs
2
(−1)Gbc (−1)
G + (−1)F
2
e−2piτL0
]
(51)
The annulus contribution is equal to the one in Eq. (28) with M = N and with an extra
factor 1/2 due to the orientifold projection. For p = 3 we get:
Zoe = N
2 V4
(8π2α′)2
∫
dτ
2τ3
[(
f3(k)
f1(k)
)8
−
(
f4(k)
f1(k)
)8
−
(
f2(k)
f1(k)
)8]
. (52)
In particular it vanishes because of the abstruse identity. The contribution of the Moebius
strip, corresponding to the insertion of Ω′I6 in the trace, is instead non-trivial. Let us
first compute, for such a term, the trace over the Chan-Paton factors. By fixing the
normalization as 〈hk|nm〉 = δknδhm, one finds:
TrC.P.
[〈hk|Ω′I6|ij〉] = Tr [γ−1Ω′I6γTΩ′I6]
TrC.P.
[〈hk|Ω′I6(−1)Fs |ij〉] = Tr [γ−1Ω′I6γ−1(−1)FsγTΩ′I6γT(−1)Fs ] . (53)
Furthermore, from the explicit form of the matrices introduced in the last expression and
given in Eqs. (24) and (46), it is straightforward to check that
Tr
[
γ−1Ω′I6γ
−1
(−1)Fs
γTΩ′I6γ
T
(−1)Fs
]
= −Tr
[
γ−1Ω′I6γ
T
Ω′I6
]
. (54)
This identity implies that the NS contribution to the free energy vanishes.
A non-vanishing contribution comes from the R sector, where the trace over the non-
zero modes (n.z.m.) gives
Trn.z.m.R
[
e−2piτNψΩ′I6(−1)G
]
=
(ik)−2/3
24
f82 (ik) (55)
Trn.z.m.R
[
e−2piτNψΩ′I6(−1)F
]
= (ik)−2/3f81 (ik), (56)
while the trace over the zero modes (z.m.) is given by:
Trz.m.R
[
Ω′I6(−1)G0
]
= Trz.m.R
[
(−1)G0] = 24 (57)
Trz.m.R
[
Ω′I6(−1)F0
]
= Trz.m.R
[
(−1)F0] = 0. (58)
By inserting Eqs. (53), (54) and (55 ÷ 58) in the term with Ω′I6 in Eq. (51), we get:
ZoΩ′I6 = −
V4
4(8π2α′)2
Tr
[
γTΩ′I6γ
−1
Ω′I6
] ∫ ∞
0
dτ
τ3
(
f2(ik)
f1(ik)
)8
(59)
where we should use that Tr
[
γTΩ′I6γ
−1
Ω′I6
]
= ±2N . Notice that, because of the Moebius strip
contribution, the interaction between two Dp branes in this orientifold, is non vanishing.
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The previous equation, together with the third term of Eq. (52), gives the total
fermionic contribution to the free-energy which at the massless level reduces to:
Zo(femionicmassless) = −(8N2 ± 8N) V4
(8π2α′)2
∫ ∞
0
dτ
τ3
. (60)
As usual, the factor (8N2 ± 8N) in front of the previous expression counts the number of
the fermionic degrees of freedom of the world-volume gauge theory, which indeed agrees
with the counting of the previous subsection. As already noticed, we do not have the
same number of bosonic and fermionic degrees of freedom propagating in the loop and,
in particular, the additional ±8N fermionic term comes from the Moebius strip, which
therefore is responsable of spoiling the Bose-Fermi degeneracy of the theory [24]. This
contribution is subleading in the large N limit.
Notice that Eq. (59), apart from the Chan-Paton factors and the substitution k → ik,
is 1/2 of the free energy describing, in the R-sector, the interaction between two D3-branes
in Type IIB string theory. It is, by the way, also equal, with the previous substitutions,
to the correspondent expression in Type 0 theory, given in Eq. (19).
3.3 One-loop vacuum amplitude with an external field
Let us consider, in the open channel, the interaction between a D3-brane dressed with a
constant SU(N) gauge field and a stack of N undressed D3-branes. The gauge field is
chosen to have only the entries Fˆ01 = 2πα
′fˆ and Fˆ23 = 2πα
′gˆ different from zero. The
presence of the external field modifies Eq. (59) as follows:
Zo(F )Ω′I6 =
2Tr
[
γTΩ′I6γ
−1
Ω′I6
]
(8π2α′)2
∫
d4x
√
−det(η + Fˆ )
∫ ∞
0
dτ
τ
e−
y2τ
2πα′ sinπνf sinπνg
f42 (ik)Θ2 (iνf τ |iτ + 1/2) Θ2 (iνgτ |iτ + 1/2)
f41 (ik)Θ1 (iνf τ |iτ + 1/2) Θ1 (iνgτ |iτ + 1/2)
(61)
where [11]:
νf =
1
2πi
log
1 + 2πα′fˆ
1− 2πα′fˆ , νg =
1
2πi
log
1− 2πiα′gˆ
1 + 2πiα′gˆ
. (62)
Notice that in the previous expression we should have put y = 0 because all branes are
located at the orientifold point. However we keep y 6= 0 because it provides a natural
infrared cutoff. Eq. (61) describes the Moebius strip with the boundary on the dressed
brane. The trace over the Chan-Paton factors gives ±2 counting the dressed brane and
its image under Ω′I6. The overall factor 2, instead, is a consequence of the fact that in the
trace we have to sum over two different but equivalent open string configurations: the first
one in which only the end-point of the string parametrized by the world-sheet coordinate
σ = 0 is charged under the gauge group, and the other one in which the gauge charge is
turned instead on the other end-point at σ = π.
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We are now going to compute the field theory limit of Eq. (61) which gives the cor-
responding Euler-Heisenberg effective action and the threshold corrections to the running
coupling constant.
The field theory limit can be performed by taking α′ → 0 and τ → ∞ in such a way
that the Schwinger parameter of the field theory σ = 2πα′τ is kept fixed. Using in this
limit the equations (102)÷(105) given in Appendix, from Eq. (61) we get:
ZF ≃ ∓ 16
(4π)2
∫
d4x
∫ ∞
0
dσ
σ
e
−
y2
(2πα′)2
σ
fˆ gˆ
cos(σfˆ) cosh(σgˆ)
sin(σfˆ) sinh(σgˆ)
. (63)
Finally, expanding Eq. (63) up to the quadratic order in the gauge fields yields:
ZF (F 2) ≃ ∓ 16
(4π)2
∫
d4x
∫ ∞
1/Λ2
dσ
σ3
e−µ
2 σ
[
1− 1
3
σ2(fˆ2 − gˆ2)
]
, (64)
where Λ is an UV cut-off and µ = y2piα′ is an IR one. By using
fˆ2 − gˆ2 = −1
4
F aµνF
aµν , (65)
one gets the following expression for the running coupling constant:
1
g2YM(µ)
=
1
g2YM(Λ)
∓ 1
3π2
log
µ2
Λ2
, (66)
where the tree diagram contribution has been introduced by hand. Finally from Eq. (66)
one reads the expected β-function
β(gYM ) = ± g
3
YM
(4π)2
16
3
. (67)
As already observed, in the planar limit N → ∞ with λ = g2YMN fixed, the ratio
β(gYM)/gYM reduces to zero and coincides with the one of its parent theory N = 4
SYM.
In the last part of this subsection, in order to explore the validity of gauge/gravity
correspondence in this non-supersymmetric model, we evaluate the threshold corrections
to the running coupling constant.
The starting point is again Eq. (61) that we now expand up to the quadratic order in
the gauge fields without performing any field theory limit (more details on the calculation
can be found in the Appendix) obtaining (k = e−piτ ):
1
g2YM
= ± 1
(4π)2
∫ ∞
0
dτ
τ
e−
y2τ
2πα′
(
f2(ik)
f1(ik)
)8 [ 1
3τ2
+ k
∂
∂k
log f42 (ik)
]
. (68)
Moreover by performing the field theory limit and keeping the product σ = 2πα′τ fixed,
we get the same expression of the running coupling constant obtained from the Euler-
Heisenberg action given in Eq. (66).
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It is also interesting to write the interaction given by Eq. (61) in the closed string
channel by performing the modular transformation τ = 1/4t, as shown in Appendix:
Zc(F )Ω′I6 = ∓
1
(8π2α′)2
∫
d4x
√
−det(η + Fˆ )
∫ ∞
0
dt
t3
e−
y2
2πα′t sinπνf sinπνg
f42 (iq)Θ2
(νf
2 |it+ 12
)
Θ2
(νg
2 |it+ 12
)
f41 (iq)Θ1
(νf
2 |it+ 12
)
Θ1
(νg
2 |it+ 12
) . (69)
Expanding the previous equation up to the second order in the external field gives (with
q = e−pit):
1
g2YM
= ± 1
(4π)2
∫ ∞
0
dt
4t3
e−
y2
2πα′t
(
f2(iq)
f1(iq)
)8 [4
3
+
1
π
∂t log f
4
2 (iq)
]
. (70)
Under the inverse modular transformation t = 1/4τ this equation perfectly reproduces the
expression obtained in the open channel (Eq. (68)), as one can easily check by using Eqs.
(126).
The field theory limit of the previous expression, realized as t → ∞ and α′ → 0 with
s = 2πα′t fixed, gives a vanishing contribution to Eq. (70). One could be led to conclude
that the gauge/gravity correspondence does not work in this non-supersymmetric model.
However, in the planar limit (N → ∞ and g2YMN fixed) the theory has a vanishing β-
function, as noticed after Eq. (67). Therefore one can conclude that the gauge/gravity
correspondence holds in the large N limit, where the Moebius strip contribution is sup-
pressed and the gauge theory recovers the Bose-Fermi degeneracy in its spectrum.
4 Orbifolds of previous orientifolds
In this section we consider some orbifolds of the previous orientifold theory and, within
this framework, we analyze the world-volume gauge theory living on N fractional branes.
Those are branes fixed at the orbifold singularity and having a non conformal gauge theory
on their world-volume. The open strings attached to them have Chan-Paton factors trans-
forming according to irreducible representations of the orbifold group and this property
makes them the most elementary solitonic objects in the theory. We start by discussing
the gauge theory living on N fractional D3-branes in the orbifold C2/Z2. In the planar
limit this theory, which is not supersymmetric, shows some interesting common features
with N = 2 super Yang-Mills.
Then we will turn to the more interesting case of the orbifold C3/(Z2 × Z2). Here
the gauge theory living on N fractional branes is the one recently discussed by Armoni-
Shifman-Veneziano, that for N = 3 reduces to QCD with one flavour.
4.1 Orbifold C2/Z2
The Z2 group is characterized by two elements (1, h), being 1 the identity element and h
such that h2 = 1. We choose Z2 to act on the coordinates x
m withm = 6, 7, 8, 9. Therefore,
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introducing the complex combinations ~z = (z1, z2), where z1 = x6 + ix7, z2 = x8 + ix9,
the non trivial element of the orbifold group acts on them as follows:
h : (z1 , z2)→ (−z1 , −z2). (71)
The gauge theory living on the fractional D3-branes is the Z2 invariant subsector of the
open string spectrum introduced in Sect. 3.1. In order to construct it explicitly one also
needs to know the action of the orbifold on the spinors states:
h : |s0 = 1/2, s1 s2 s3 s4〉 → eipi(s3+s4)|s0 = 1/2, s1 s2 s3 s4〉 , (72)
where si = ±1/2 and s0 has been fixed to 1/2 by the mass-shell condition. Using Eqs.
(71) and (72) it is easy to see that the spectrum contains one SU(N) gauge field, two real
scalars in the adjoint representation of the gauge group and two Dirac fermions in the
two-index symmetric (or antisymmetric) representation. Notice that the spectrum has a
common sector [19] with N = 2 SYM, namely the bosonic one. However, because of the
fermionic contributions which are different, the one-loop β-function of our theory contains
a subleading correction in 1/N with respect to N = 2 β-function:
β(gY M ) =
g3YM
(4π)2
[
−11
3
N + 2
N
6
+ 2
4
3
N ± 2
2
]
=
g3YMN
(4π)2
[
2± 8
3N
]
(73)
In the large N limit the subleading term in 1/N is suppressed and the two β-functions
coincide. This circumstance signals the existence of a planar equivalence between the two
theories at one-loop and suggests the possibility of an extension of such equivalence at all
perturbative orders.
The free energy, which describes the interaction between a stack of N undressed D3
branes and a dressed one, is given by:
Z =
∫ ∞
0
dτ
τ
TrNS−R
[
(
1 + h
2
)
(
e+Ω′I6
2
)(
1 + (−1)Fs
2
)
× (−1)Gbc
(
(−1)G + (−1)F
2
)
e−2piτL0
]
≡ Zoe + ZoΩ′I6 + Zohe + ZohΩ′I6 (74)
where the trace over the Chan-Paton factors has been understood and we have used the
following notation:
Zoe ≡
(
Zoe + Z
o
e(−1)Fs
)
/2 Zohe ≡
(
Zohe + Z
o
he(−1)Fs
)
/2
ZoΩ′I6 ≡
(
ZoΩ′I6 + Z
o
Ω′I6(−1)Fs
)
/2 ZohΩ′I6 ≡
(
ZohΩ′I6 + Z
o
hΩ′I6(−1)Fs
)
/2 . (75)
However notice that the term (−1)Fs gives a non vanishing contribution to the trace on
the Chan-Paton factors, only if it appears together with the projector Ω′I6, namely in the
terms appearing in the second line of Eq. (75).
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The first two terms of Eq. (74) are those that we have already computed in the previous
section (apart from an additional factor 12 coming from the orbifold projection). Here we
need just to evaluate the last two terms. The third one turns out to be
Zohe =
N
(8π2α′)2
∫
d4x
√
−det(η + Fˆ )
∫ ∞
0
dτ
τ
e−
y2τ
2πα′
[
4 sinπνf sinπνg
Θ22(0|iτ)Θ1(iνf τ |iτ)Θ1(iνgτ |iτ)
]
[
Θ23(0|iτ)Θ4(iνf τ |iτ)Θ4(iνgτ |iτ) −Θ24(0|iτ)Θ3(iνf τ |iτ)Θ3(iνgτ |iτ)
]
+
iN
32π2
∫
d4xF aαβF˜
aαβ
∫ ∞
0
dτ
τ
e−
y2τ
2πα′ (76)
and is equal to the one appearing in the pure orbifold calculation [11]. To get the previous
equation we have used:
Tr〈ij|e|nm〉 = δjjδmm = 4N Tr〈ij|(−1)FS |nm〉 = 0 (77)
where the indices i,m = 1, ..., N,N + 3, ..., 2N + 2 enumerate respectively the stack of
N undressed branes and their images, while the indices j, n = N + 1, N + 2 indicate the
dressed brane and its image.
Analogously the last term in Eq. (74) can be obtained from Eq. (76) with the substi-
tution k → ik. As noticed after Eq. (2.5) of Ref. [11], in the twisted sector, only the NS
and NS(−1)F and R(−1)F sectors contribute to the interaction . However, the presence
of the Type 0B projector 1+(−1)
Fs
2 makes the NS and NS(−1)F contributions to vanish
because of Eqs. (53) and (54). Thus the only twisted sector which gives a non vanishing
contribution to the interaction is the R(−1)F which is equal to
ZohΩ′I6 = ±
2i
32π2
∫
d4xF aαβF˜
a αβ
∫ ∞
0
dτ
τ
e−
y2τ
2πα′ . (78)
The overall factor 2 again takes in account the two inequivalent configurations that we have
to consider in evaluating the trace, as discussed after Eq. (62). Therefore the coefficient
of the kinetic term of the gauge field in this theory comes only from the second and third
term of Eq. (74) and it turns out to be:
1
g2YM
=
1
16π2
[
2N ∓ 8
3
]
log
µ2
Λ2
(79)
consistently with our previous calculation in Eq. (73). Moreover from Eqs. (76) and (78),
following the same procedure as in Ref. [11], one can read also the θ angle which turns
out to be
θYM = 2θ(N ± 2), (80)
where θ is the phase of the complex cut-off Λe−iθ.
The gauge theory here obtained shares some common features with N = 2 SYM. As
previously noticed, the running coupling constant and the β-function of this theory, in the
large N limit, reproduce those of N = 2 SYM. Moreover also the θ angle in Eq. (80) in
the large N limit reduces to the one of N = 2 SYM, implying that, in the planar limit,
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the two theories are very close to each other. This connection appears as the natural
extension to the case N = 2 of the Armoni, Shifman and Veneziano planar equivalence
for N = 1, in which the parent theory is the N = 2 SYM and the daughter theory is the
world-volume theory of N fractional branes of our orbifold.
Finally, it is useful to rewrite the previous expressions in the closed string channel
where, because of the open/closed string duality, these amplitudes correspond to the tree
level exchange diagram between a stack of N undressed branes and one brane dressed with
an SU(N) gauge field. In particular, by using Eqs. (115) and (125) and the well-known
modular transformation properties of the Θ-functions, we can rewrite Eqs. (76), (78) and
ZoΩ′I6 in the closed string channel. The other terms in the free energy are irrelevant in
the forthcoming discussion because they are vanishing in the field theory limit. From the
annulus we obtain:
Zche =
N
(8π2α′)2
∫
d4x
√
−det(η + Fˆ )
∫ ∞
0
dt
t
e−
y2
2πα′t
[
4 sinπνf sinπνg
Θ24(0|it)Θ1(νf |it)Θ1(νg|it)
]
[
Θ22(0|it)Θ3(νf |it)Θ3(νg|it)−Θ23(0|it)Θ2(νf |it)Θ2(νg|it)
]
+
iN
32π2
∫
d4xF aαβF˜
aαβ
∫ ∞
0
dt
t
e−
y2
2πα′t (81)
while from the Moebius strip:
ZcΩ′I6(F ) = ∓
1
(8π2α′)2
∫
d4x
√
−det(η + Fˆ )
∫ ∞
0
dt
4t3
e−
y2
2πα′t sinπνf sinπνg
f42 (iq)Θ2
(νf
2 |it+ 12
)
Θ2
(νg
2 |it+ 12
)
f41 (iq)Θ1
(νf
2 |it+ 12
)
Θ1
(νg
2 |it+ 12
) (82)
ZchΩ′I6(F ) = ±
2i
32π2
∫
d4xF aαβF˜
aαβ
∫ ∞
0
dt
t
e−
y2
2πα′t . (83)
By expanding the previous expressions up to quadratic terms in the external field and
isolating only the terms depending on the gauge field, we have from the annulus:
Zch(F ) →
[
−1
4
∫
d4xF aαβF
aαβ
]{
− N
8π2
∫ ∞
0
dt
t
e−
y2
2πα′t
}
+ iN
[
1
32π2
∫
d4xF aαβF˜
aαβ
] ∫ ∞
0
dt
t
e−
y2
2πα′t (84)
and from the Moebius strip:
ZcΩ′I6(F )→
[
−1
4
∫
d4xF aαβF
aαβ
]{
± 1
(4π)2
∫ ∞
0
dt
8t3
e−
y2
2πα′t
(
f2(iq)
f1(iq)
)8 [4
3
+
1
π
∂t log f
4
2 (iq)
]}
(85)
Eqs. (83) and (84) are exact at string level even if they receive contribution only from the
massless closed string states. For y = 0 both of them are left invariant under open/closed
string duality and for this reason one is able to obtain, from the closed channel, the planar
contribution to the β-function and the complete expression of the θ-angle.
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Eq. (85), which in the open channel gives the subleading behaviour in the large N limit
of the β-function, receives, instead, contributions from all the string states. The massless
pole in the open channel is not left invariant under open/closed string duality and by
performing the field theory limit on such expression, as explained in the last section, we
obtain a vanishing result.
In conclusion we can assert that the gauge/gravity correspondence certainly holds in
the planar limit where a Bose-Fermi degeneracy is recovered and the theory resembles to a
supersymmetric theory. However, some non planar information can be still obtained from
the closed channel as the example of the θ-angle has showed.
4.2 Orbifold C3/(Z2 × Z2) - A simple string realization of the Armoni,
Shifman and Veneziano model
Let us consider now the orbifold C3/(Z2×Z2), which contains four elements {1, h1, h2, h3}
acting on the three complex coordinates
z1 = x4 + ix5 z2 = x6 + ix7 z3 = x8 + ix9 (86)
as follows:
R1 =
 1 0 00 1 0
0 0 1
 , Rh1 =
 1 0 00 −1 0
0 0 −1
 ,
Rh2 =
 −1 0 00 1 0
0 0 −1
 , Rh3 =
 −1 0 00 −1 0
0 0 1
 . (87)
and on the spinors as:
h1|s1 s2 s3 s4〉 = eipi(s3+s4)|s1 s2 s3 s4〉
h2|s1 s2 s3 s4〉 = eipi(s2+s4)|s1 s2 s3 s4〉
h3|s1 s2 s4 s4〉 = −eipi(s2+s3)|s1 s2 s3 s4〉 (88)
where the sign in front of the last equation is required by the group properties.
The states left invariant are one gauge vector and one Dirac fermion in the two-index
symmetric (or anti-symmetric) representation of the gauge group. Also in this case the
theory has a common bosonic sector with a supersymmetric model, that is N = 1 SYM.
It is simple to check that the β-function for this theory is, at one-loop
β(gY M ) =
g3YM
(4π)2
[
−11
3
N +
4
3
N ± 2
2
]
=
g3YMN
(4π)2
[
−3± 4
3N
]
(89)
which differs from the one of N = 1 SYM because of the subleading term in 1/N .
Notice that for N = 3 the two-index antisymmetric representation is equal to the fun-
damental one. Therefore, with the antisymmetric choice, the world-volume gauge theory
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living on a stack of N fractional branes in the orbifold C3/(Z2 × Z2) of the orientifold
Type 0B/ Ω′I6(−1)FL , for N = 3 is nothing but one flavour QCD. This is an alternative
and simpler stringy realization of the Armoni-Shifman-Veneziano model. In [19] and ref-
erence therein, the same gauge theory is realized, in the framework of Type 0A theory, by
considering a stack of N D4 branes on top of an orientifold O4 plane, suspended between
orthogonal NS 5 branes. It would be interesting to exploit the relation between the two
models, which should be connected through a simple T-duality.
Besides the stringy realization, the gauge theory we end with is related by planar
equivalence to N = 1 SYM. In the language of Armoni, Shifmann and Veneziano, the
symmetric (+) and antisymmetric (−) choices correspond to the S and A orientifold
theories of N = 1 SYM. This opens the way to a very interesting extension of many
predictions of supersymmetric parent theory to the non supersymmetric daughter theory,
which holds in the large N limit [19].
As discussed in Refs. [30] [31], the orbifold C3/(Z2 × Z2) can be seen as obtained
by three copies of the orbifold C2/Z2 where the i-th Z2 contains the elements (1, hi)
(i = 1, . . . 3).
In particular we consider the interaction between a stack of NI (I = 1, . . . , 4) branes
of type I and a D3-fractional brane of type I = 1 dressed with an SU(N) gauge field. In
this case the interaction turns out to be given by the sum of eight terms:
Z =
∫ ∞
0
dτ
τ
TrNS−R
[(
1 + h1 + h2 + h3
4
)(
e+Ω′I6
2
)(
1 + (−1)Fs
2
)
× (−1)Gbc
(
(−1)Gβγ + (−1)F
2
)
e−2piτL0
]
≡ Zoe + ZoΩ′I6 +
3∑
i=1
[
Zohie + Z
o
hiΩ′I6
]
(90)
Here the first two terms are the same as the ones of the previous orbifolds except for a
further factor 1/2 due to the orbifold projection. The terms Zohie turn out to be
Zohi =
fi(N)
2 (8π2α′)2
∫
d4x
√
−det(η + Fˆ )
∫ ∞
0
dτ
τ
e−
y2τ
2πα′
4 sinπνf sinπνg
Θ22(0|iτ)Θ1(iνf τ |iτ)Θ1(iνgτ |iτ){
Θ23(0|iτ)Θ4(iνf τ |iτ)Θ4(iνgτ |iτ)−Θ24(0|iτ)Θ3(iνf τ |iτ)Θ3(iνgτ |iτ)
}
+
i fi(N)
64π2
∫
d4xF aαβF˜
aαβ
∫ ∞
0
dτ
τ
e−
y2τ
2πα′ (91)
where the functions fi(N) depend on the number of different kinds of fractional branes
NI and are given by [30][31]:
f1(NI) = N1 +N2 −N3 −N4
f2(NI) = N1 −N2 +N3 −N4
f3(NI) = N1 −N2 −N3 +N4. (92)
As in the previous orbifold case, all the bosonic terms of ZhiΩ′I6 vanish because of the
contribution to the trace of the projector 1+(−1)
Fs
2 , while the R(−1)F sector gives
ZohiΩ′I6 = ±
2i
64π2
∫
d4xF aαβF˜
aαβ
∫
dτ
τ
e−
y2τ
2πα′ (93)
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By extracting the coefficient of the gauge kinetic term from the field theory limit of the
interaction in Eq. (90) and specializing to the case N1 = N, N2 = N3 = N4 = 0 we get:
1
g2YM
=
1
16π2
[
3N ∓ 4
3
]
log
µ2
Λ2
, (94)
while the theta angle turns out to be
θYM = (N ± 2)θ. (95)
We can repeat the same analysis in the closed string channel by transforming under
open/closed string duality Eq. (90) and performing all the steps explained in the lat-
ter section. However, being Eqs. (91), (93) and ZoΩ′I6 coincident, apart from an overall
factor, with Eqs. (76) and (78) we get the same conclusions as we did in the last subsection.
In the closed string channel one is able to capture, in the field theory limit, only the planar
contribution to the β-funtion and the complete expression for the θ-angle. Gauge/gravity
correspondence in these non-supersymmetric models holds only in the large N limit even
if some non planar results are still present in the closed channel.
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A Some useful properties of Θ functions
In this Appendix we give a detailed derivation of Eqs. (68) and (70).
The Θ-functions which are the solutions of the heat equation:
∂
∂τ
Θ(ν|iτ) = 1
4π
∂2νΘ(ν|iτ) (96)
are given by:
Θ1(ν|it) ≡ Θ11(ν, |it) = −2q 14 sinπν
∞∏
n=1
[
(1− q2n)(1 − e2ipiνq2n)(1 − e−2ipiνq2n)]
Θ2(ν|it) ≡ Θ10(ν, |it) = 2q
1
4 cos πν
∞∏
n=1
[
(1− q2n)(1 + e2ipiνq2n)(1 + e−2ipiνq2n)]
Θ3(ν, |it) ≡ Θ00(ν, |it) =
∞∏
n=1
[
(1− q2n)(1 + e2ipiν(2n − 1))(1 + e−2ipiνq2n−1)]
Θ4(ν, |it) ≡ Θ01(ν, |it) =
∞∏
n=1
[
(1− q2n)(1 − e2ipiνq2n−1)(1 − e−2ipiνq2n−1)] (97)
with q = e−pit. It is also useful to give an alternative representation of the Θ-functions:
Θ
[
a
b
]
(ν|t) =
∞∑
n=−∞
e2pii[
1
2
(n+ a
2
)2t+(n+ a
2
)(ν+ b
2)] (98)
20
where a, b are rational numbers. It is easy to show that
Θ
[
1
1
]
(ν|t) = −i
∞∑
n=−∞
(−1)neipit(n− 12 )2eipiν(2n−1) ≡ Θ1 (ν|t) (99)
and
Θ
[
1
0
]
(ν|t) =
∞∑
n=−∞
eipit(n−
1
2
)2eipiν(2n−1) = Θ2 (ν|t) ≡ −Θ1
(
ν +
1
2
|t
)
. (100)
From the definition in Eq. (98) it is easy to derive the following identity:
Θ
[
a
b
](
ν +
ǫ1
2
t+
ǫ2
2
|t
)
= e−
iπtǫ21
4 e−
iπǫ1
2
(2ν+b)e−
iπǫ1ǫ2
2 Θ
[
a+ ǫ1
b+ ǫ2
]
(ν|t). (101)
In order to get the Euler-Heisenberg action in Eq. (63) we need to use the following
expressions which hold for τ →∞ and α′ → 0 :
Θ1(iντ |iτ + 1
2
)→ −2i(ik)1/4 sinh πντ , Θ2(iντ |iτ + 1
2
)→ 2(ik)1/4 cosh πντ (102)
νf → −2α′ifˆ , νg → −2α′gˆ (103)
and
f1(ik)→ (ik)1/12 , f2(ik)→
√
2(ik)1/12 (104)
which, together with √
−det(η + Fˆ ) sinπνf sinπνg = i(2πα′)2fˆ gˆ , (105)
leads to Eq. (63).
In order to derive Eq. (68) we need the following expansions of the Θ-functions up to
the quadratic order in the gauge fields:
Θn [iνfτ |iτ + 1/2] ≃ Θn [0|iτ + 1/2] + 2τ
2
π
∂τΘn [0|iτ + 1/2] f2
= f1(ik)f
2
n(ik)
[
1 + 2
τ2
π
∂τ log[f1(ik)f
2
n(ik)] f
2
]
(106)
for n = 2, 3, 4 and
sinπνf
Θ1 [iνf τ |iτ + 1/2] ≃
i
2τf31 (ik)
[
1 +
(
1
6
+ τ2k
∂
∂k
log f21 (ik)
)
f2 . . .
]
(107)
for Θ1. Inserting them in Eq. (61) we get (k = e
−piτ ):
ZF ≃ ±4 1
(8π2α′)2
∫
d4x
∫ ∞
0
dτ
τ
e−
y2τ
2πα′
[
1− 1
2
(f2 − g2)
] [
i
2τf31 (ik)
]2 [f82 (ik)
f21 (ik)
]
×
[
1 +
(
1
6
+ τ2k
∂
∂k
log f21 (ik)
)
(f2 − g2)
] [
1 + 2(f2 − g2)τ
2
π
∂τ log
(
f1(ik)f
2
2 (ik)
)]
= ∓ 1
(8π2α′)2
∫
d4x
∫ ∞
0
dτ
τ
e−
y2τ
2πα′
(
f2(ik)
f1(ik)
)8
×
[
1
τ2
+
(
− 1
3τ2
+
2
π
∂τ log f
2
2 (ik)
)
(f2 − g2)
]
(108)
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From it we can easily obtain Eq. (68) if we take into account that f(g) = 2πα′fˆ(gˆ).
In order to write the interaction in Eq. (61) in the closed channel we need to perform
the modular transformation τ = 1/4t that gives
Zc(F )Ω′I6 = ∓
1
(8π2α′)2
∫
d4x
√
−det(η + Fˆ )
∫ ∞
0
dt
t3
sinπνf sinπνg
f42 (ie
−pit)Θ2
(
i
νf
4t | i4t + 12
)
Θ2
(
i
νg
4t | i4t + 12
)
f41 (ie
−pit)Θ1
(
i
νf
4t | i4t + 12
)
Θ1
(
i
νg
4t | i4t + 12
) . (109)
In the following we will write the formulas for the Θ-functions that are needed to get the
previous equation and to show that it is equal to Eq. (69).
Under an arbitrary modular transformation t→ at+bct+d , Θ1 transforms as follows
Θ1
(
ν
ct+ d
|at+ b
ct+ d
)
= η′Θ1(ν|t)eipicν2/(ct+d)(ct+ d)
1
2 (110)
where η′ is an eight root of unity. It implies the following transformation of Θ1:
Θ1
(
−ν
2
| t
4
− 1
2
)
=
1
η′
Θ1
(
−ν
t
|1
2
− 1
t
)
e−ipiν
2/t
(
2
t
) 1
2
(111)
that is obtained from Eq. (111) by first making the substitutions ν → −ν2 and t→ t4 − 12
and then choosing a = d = 1, c = 2 and b = 0. By performing in the previous equation
the substitution t→ 4it we get the following equation:
Θ1
(
−ν
2
|it− 1
2
)
=
1
η′
Θ1
(
iν
4t
|1
2
+
i
4t
)
e−piν
2/(4t)
(
1
2it
) 1
2
. (112)
Finally, by using Eq. (110) with a = b = d = 1 and c = 0 we can write:
Θ1 (ν|t+ 1) = η′Θ1 (ν|t) . (113)
The latter allows us to write
Θ1
(
−ν
2
|it− 1
2
)
=
1
η′
Θ1
(
−ν
2
|it+ 1
2
)
(114)
that inserted in Eq. (112) leads to
Θ1
(
−ν
2
|it+ 1
2
)
= Θ1
(
iν
4t
|1
2
+
i
4t
)
e−piν
2/(4t)
(
1
2it
) 1
2
. (115)
In order to get the analogous transformation property of Θ2 we use the following
relation:
Θ2
(
−ν
2
| t
4
− 1
2
)
= −Θ1
(
1− ν
2
| t
4
− 1
2
)
. (116)
Then, by applying Eq. (110) with ν → 1−ν2 , t → t4 − 12 and a = d = 1, c = 2, b = 0 , to
the second term of the previous equation, it can be rewritten as
Θ1
(
1− ν
2
| t
4
− 1
2
)
=
1
η′
(
2
t
)1/2
e−
iπ(1−ν)2
t Θ1
(
1− ν
t
|1
2
− 1
t
)
(117)
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and then substituting it in Eq. (116) and performing the substitution t→ 1/t, one gets:
Θ2
(
−ν
2
| 1
4t
− 1
2
)
= − 1
η′
(2t)1/2 e−ipi(1−ν)
2tΘ1
(
(1− ν)t |1
2
− t
)
. (118)
Let us consider the Θ1 appearing in the second term of the previous equation. By defining
in it t′ ≡ 12 − t and then ν ′ ≡ −ν
(
1
2 − t′
)
we can rewrite it as
Θ1
(
(1− ν)t |1
2
− t
)
= Θ1
(
ν ′ − t′ + 1
2
|t′
)
. (119)
Therefore, by using Eq. (101) with a = b = 1, ǫ2 = 1, ǫ1 = −2, we can write Eq. (119) as
follows:
Θ1
(
(1− ν)t |1
2
− t
)
= ieipi(1−2ν)tΘ2
(
−νt |1
2
− t
)
(120)
where we have restored the variables ν and t and used the following identity:
Θ
[
−1
2
]
(ν|t) = −Θ
[
1
0
]
(ν|t) = −Θ2(ν|t) (121)
that can be easily derived starting from the general expression of the theta-function given
in Eq. (98). Then by inserting Eq. (120) in Eq. (118) we get
Θ2
(
−ν
2
| 1
4t
− 1
2
)
= − i
η′
Θ2
(
−νt|1
2
− t
)
e−ipiν
2t(2t)
1
2 . (122)
Furthermore, by performing the substitution t→ − i4t , Eq. (122) becomes
Θ2
(
−ν
2
|it− 1
2
)
= − i
η′
Θ2
(
iν
4t
|1
2
+
i
4t
)
e−piν
2/(4t)(2it)−
1
2 . (123)
Finally, by rewriting Θ2-function in terms of Θ1 by means of Eq. (100) and using Eq.
(113), we can write:
Θ2
(
−ν
2
|it− 1
2
)
=
1
η′
Θ2
(
−ν
2
|it+ 1
2
)
. (124)
The last identity allows us to write:
Θ2
(
−ν
2
|it+ 1
2
)
= −iΘ2
(
iν
4t
|1
2
+
i
4t
)
e−piν
2/(4t)(2it)−
1
2 . (125)
The modular transformations of the f -functions with complex argument are:
f1(ie
−pis) = (2s)−1/2f1(ie
− π
4s ) f2(ie
−pis) = f2(ie
− π
4s ) (126)
f3(ie
−pis) = eipi/8f4(ie
− π
4s ) f4(ie
−pis) = e−ipi/8f3(ie
− π
4s ) (127)
Eq. (109) is obtained from Eq. (61) by using Eqs. (126) and by changing variable from τ
to t = 14τ . Finally by using Eqs. (115) and (125) one gets Eq. (69) from Eq. (109).
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In order to obtain Eq. (70) we have used the following expansions in the external field
Θn
(
νf
2
|it+ 1
2
)
≃ Θn
[
0|it+ 1
2
]
− 2
π
∂tΘn
(
0|it+ 1
2
)
f2
4
= f1(iq)f
2
n(iq)
[
1 + 2q∂q log[f1(iq)f
2
n(iq)]
f2
4
]
(128)
for n = 2, 3, 4, and
sinπνf
Θ1
(νf
2 |it+ 12
) ≃ − 1
f31 (iq)
{
1 + f2
[
1
8
− q∂q 1
2
log
∏
n
(
1− (iq)2n)]} (129)
for Θ1.
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